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H™(R)- AND W"*(R)-SPLINES

BY
PHILIP W. SMITH(!)

ABSTRACT. Let E be a subset of R the real line and f: E — R. Necessary and
sufficient conditions are derived for inf(||D'x||;»: x | = f) to have a solution. When
restricted to quasi-uniform partitions E, necessary and sufficient conditions are derived for
the solution to be in L*. For finite partitions E it is shown that a solution to the L* infimum
problem can be obtained by solving inf(||D"x||;y: x |z = f) and letting p go to infinity. In
this way it was discovered that solutions to the L* problem could be chosen to be piecewise
polynomial (of degree r or less). The solutions to the Z? problem are called H"’-splines and
were studied extensively by Golomb in [3].

1. Introduction. Let H*?, r = 1,2, ...,and 1 < p < oo, denote the space of
real-valued functions x defined on the real line R which have an absolutely
continuous (r — 1)th derivative and ‘in addition D'x € I’(R) = I? (here
D" = d’/dt"). In [3] Golomb considered the following problem: Given E C R,
SFE—=> R, and 1 < p < o0 solve
(1.1) cenithy, o 10 xller.

A set E = {t};2_, C R is called quasi-uniform if there is a 6 > 0 so that
8 < ;41 — t; < 1/8 for all integers i. For quasi-uniform partitions E, Golomb
proved [3]:

Theorem 1.1. Let E = {1,};2._,, be a quasi-uniform partition and suppose f: E
= R. Then (1.1) has a (unique) solution if and only if the (r)th divided differences of
farein f*. That is,

(1.2) .-.i e ertin)l? < o0

The author proved in [7] the following.

Theorem 1.2. Let E = {1,};2_,, be a quasi-uniform partition and f: E — R. Then
(1.1) has a (unique) solution x which is in I? if and only if { f(t;)}}o-,, € 1”.

This paper extends the two above results to the case p = oo (except of course
we do not get uniqueness).
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Foranyy € H"”(1 < p < «)andf = y |gwe let Sp?y be a solution to (1.1)
(note the solution is unique if and only if cardinality E > r). For finite E we let
P go to infinity and extract a subsequence which converges in H"?, 1 < p,
< 00, to a solution of (1.1) with p = co.

We will call S;Px the H"P-spline interpolating x |z, and if SpPx is in
WP = {H"? N I?} then we call Sp?x the W"?-spline interpolating x |z The
idea of letting p — oo was suggested by Mangasarian and Schumaker in [5].
Problems similar to (1.1) with p = co and interpolation conditions on the
derivatives have been studied by Favard [1] and more recently by Glaeser [2]. In
particular, Glaeser obtains solutions which are piecewise polynomial. Jean
Merrien in [6] makes use of divided differences to decide whether a function
defined on a closed subset of R has a C™ extension. Finally, Jerome and
Schumaker in [4] present some closely related ideas by considering the problem
of determining whether a function is in H"?, 1 < p < 0.

Existence of H"*-splines. Suppose E = {t;}%.o, t; < t;,;,andk > r.Fork < r
the existence of an H"*-spline is obvious. Suppose x € H"! N H"®. We will
prove

Theorem 2.1. There is a sequence { p,}, p, = 0, so that forany 1 < p < o
1) SpPx — x, in H"? as p, = o,
where x, is an H™® -spline interpolating x |g.

This theorem will follow from several lemmas which will now be presented.
For any p satisfying 1 < p < oo we know [3] that SZ? x is a polynomial of degree
r — 1 or less on the infinite intervals (—co,,), (#, ). On the interval [¢t,,,] we
have the representation [3]

k-1
22) S"x = 2 X (B + 03

where

@  B0O= i ﬁ"5:,"—"(’20 =),

J
=0
2'3) . ' T- L=
( G) Qi) =£. ﬁ. ' j; ' |gi(x )|V - sgn(gi(s,))dr, - - - dy,
(iii) g € " = {the set of polynomials of degree 7 — 1 or less}.

Lemma 2.1. The set {||D"SEP x||;0: 1 < p, < p < o0} is bounded.

Proof. Since Sz? x depends only on the values of x on E we can assume that

24 (supp D'x) C [t,, 4]
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Using the minimality of the spline, we get

(25) ID"Sg?xllps < D" xllr < 11D x| (8 = to)l/p’ 1<p< oo
Setting M; = || D" x||;» - max{(t, — ¢,)"*, 1} we have
(26) ID"Sg?xll, <M, p<p<o.

Now clearly fori =0,..., k-1

(rD/p
fiv1
en st > ([ 11700) T 2 Mlgilheqr

We may assume that M, > 0 is independent of p between p, and oo (e.g. consider
the continuous map (g,q) — ligllzs(,,,,) Where ¢ € [1,p,/(p,— 1)] and g € ¥”
which. satisfy |Igllz=,,,,,) = 1)- Thus we have, taking (p — 1)th roots,

8) 1D"SEPxlls > M/PD max g1V PO llng, )
= MY/ " V| D"SE x|l .

Setting M; = sup,»,, M; V(»~D M, we get

29) M; > ||D"Sg? x|l =,

thereby completing the proof of the lemma.
The following technical result will be of use to us.

Lemma 2.2. Let I C R be a compact interval and m denote Lebesgue measure.
Suppose, as before, that 9" = sp{l,¢,...,t""1} and set

= i : > a}.
(2.10) %= eoriil. m{t € I: |g() 2 o}
Then
(2.11) 8 —->mlI) as a > 0.

This lemma follows directly from the local compactness of 9’ and the analytic
nature of the polynomials. As a simple corollary, we obtain

Corollary 2.1. With I as in Lemma 2.2, we have

@12)  jof, mlt € I 80| 2 alglin) > m{) as a0,

The interest in the preceding lemma and corollary lies in the fact that by
applying them to a subsequence of {D"S;”x},5, we can prove that this
subsequence converges in measure.
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Lemma 2.3. There is a sequence { p,}, p, = o0, so that
k=1
@13) |7 SEP X1 2> 3 KX, 0)

The symbol =™ means converges in (Lebesgue) measure, K; are nonnegative
constants, and xj, ) is the characteristic function of the interval [1;, £,,,).
Proof. From Lemma 2.1 we know that there is a constant M, so that

(PAL)) ID"SEPxlle < M3 < 0, p 2 p,.
Thus, clearly,
(2.15) D" SEP xllpopy sy < Mss  i=0,...,k—1.

We choose a sequence of numbers {p,},~, going to infinity so that for
i=01....,k—-1

(2.16) | D" SgP x| op, s = Ki asp, > oo,
Furthermore by (2.3) it follows that

(2.17) I Ig;.II/(h—l) "L‘”[t,,x,,,) - K, asp,—> 0.
Fori=0,1,...,k—1and 1 > & > 0 given, set

(2.18) Ay = {t € [t,tin1): |8, 2 eligg,llzopy,n}-

Then for ¢t € Ai, we have

D" SEP x|l popy s,y = 184 (OVPD

@19)
> V0| D’ SEP x| g .-

Now as p, = oo both end terms of (2.19) converge to K,. Since Corollary 2.1 tells
us that as e = 0, m{[¢;,1,,,]\4.,} = 0, it follows that

k-1
(220) D7 SE™ x| 2> 3, KiXy a0 (-
As a corollary we obtain

Corollary 2.2. There is a sequence { p,}, p, = ©, so that

k-1
(221) (D'SpPx) 2> 'go K;(sgn 84X,

Jor some gt € 9" (here sgn is the usual signum function).
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Proof. We first choose a sequence {g,} with g, — co so that (2.13) holds. We
note that

k-1
(2.22) D’qu'x = ,.§0 X(’M‘”)'g;.ll/(%_l)sgn gq'n
where g} € ¥’. We choose a subsequence { p,} of {g,} so that fori = 0, 1, ...,
k-1
(2.23) Xitutre1) SED &0 2 Xitt,) SE1 84
for some g! € 9". Clearly thenfori =0,1,..., k-1

(2.29) Xttt |8V Vsgn g}, > K(sgn gL)xys,0..)

and adding the individual results of (2.24) yields (2.21).
The limit in (2.21) is now our candidate for the (r)th derivative of an H"*-
spline interpolating x |z. Thus we must prove the following:

Lemma 2.4. With the same notation as in Corollary 2.2 it is the case that

< ID' x|

k-1
‘go K(Sgtl gi)x['hllﬂ) I

(2.25)

Proof. Let { p,} be as in Corollary 2.2; then by the minimality of the H"?-spline
we have

(2.26) 1D SgP xllm < 1D xllpe (e = 2,)7r.
Since D'Sp”x ™ Ik} Kisgn gixy,,.,) given & > 0, the sets

k-1
) Ba={relu): [Dsrs0 - 3 Ko shOnunn] <}

have measure larger than (s, — ¢,), fori = 0, ..., k — 1 and p, large enough.
Let us calculate for large p,

n Vpa Vpn
(2.28) (ﬁ | 'D'S‘?hxlh) 2 (fau 1P 'S""""‘lh)

> [}t — )" (K, — ¢).
As p, > o0, BYm— 1if B8 > 0. Thus by (2.26) and (2.28) we have
(2.29) K—¢<|Dxllw e>0.

This of course implies (2.25).
Since the only restriction on x was that x € H*! N H"*®, we may conclude
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Corollary 2.3. For all z € H"™ which satisfy z |g = x |g we have (with notation
as above)

k-1

(2.30) igo I<l sgn g"‘ x{’b‘nl)

' < "D'Z"L"-
L

We are now in a position to prove Theorem 2.1. Given x € H"!' N H"® there
is a sequence p, — o0 as in Corollary 2.2 so that (2.21) holds. For finite measure
spaces convergence in measure and boundedness imply convergence in the I?-
norm, 1 < p < 0. Thus

k-1
(231) D'Sgmx > 3 K(sgn 84) Xy, in L1 < p < oo,

Since Sg”x | = x |g the usual arguments imply that Si”x converges in
H"? (1 £ p < ), say to x,. Clearly x, € H"® and x, |z = x |z Corollary 2.3
implies that x, is an H"®-spline interpolating x |z. This completes the proof.

From (2.32) it is easy to see that the limit x, of the splines Sg” x is piecewise
polynomial of degree r with no more than r — 1 changes of sign in the (r)th
derivative between interpolation values. Furthermore, between interpolation
values the (r)th derivative is of constant absolute magnitude.

Although it appears to be necessary to go to a subsequence to prove Theorem
2.1, we do have the following continuity result.

Lemma 2.5. With E, x, and x, as above we have

(232) Jim I1D"SE2 xllr = 1D x4 .

Proof. For 1 < p <

(i) ||D’S£-"x||u < ||D’x,. "u,

(2.33) .
(ii) D" x4 llLr = 1D x4 || as p = oo.
Therefore
(2.34) }I@IID'SE’xIIu L 1D x4 |-
On the other hand if
(2.35) Jim 1D"SEPxllpr = M < ||D"xy ||,

then it is easy to see that there is a subsequence p, = oo as in Corollary 2.2 so
that

236) @) SEP X > Xeo  aS P, — 0,
. (i) D" SgP x|lpm — M as p, —> oo,



H"®(R)- AND W"*(R)-SPLINES 281
where x,, is an H"®-spline interpolating x |z. But then, it can be shown that

(237) D" Xsxlle < M < [|D"x4 |1,

which is a contradiction. Thus the lim sup and lim inf are both equal to || D" x, || ;»
and the lemma is proved.
We collect these results in

Theorem 2.2. Let E C R be a finite set and f. E — R. Then there is an H™® -
spline x, interpolating f which is the limit of a subsequence of {SE?x,: 1 < p < 0}
in the H"? norm (1 < p, < o0). Moreover, |D"x,| is constant on the connected
components of R\E, and D'x, changes sign at most r — 1 times on the connected
components of R\E. D' x, vanishes on the unbounded components of R\ E, and thus
X, is a polynomial of degree r — 1 or less on these sets. Finally im,_,, | D" Sp? xy ||.»
= [|1D % [| -

3. H"®- and W"*- splines on infinite sets. Suppose E = {1,};2_, t;4,; > t,, and
J: E— R. Set

i) Eyv={}_y, N=12...,
@)  fv="ISlg-

We let x)' be an extremal H"®-extension of fy as described in Theorem 2.2. It is
easy to see that

3.1)

(32) 1D %Y NI < 1D" ! 1=,
and if y is any H"*®-extension of f then
(3.3) DYl 2 1D x|

Lemma 3.1. If there is an H"® -extension y of f, then there is an H"® -spline
interpolating f on E.

Proof. Using Theorem 2.2 we write
N
(3-4) D’xiv = l-E-N Kl,N sgn gi,NX{r,,l,“)

where g,y € #". Since the set {K; y} is bounded (see 3.3), we may select {N,} so
that for all i:

(3-5 ) Ki,Nk SEN 8N, Xit,t,01) > Kisgn(gi)X[r,,t,”)

where g; € 9”. Thus {x} converges locally in H"?, 1 < p < o0, to say x,. The
function x, is in H"* because the set {K} is bounded. Furthermore,

(36) 1D x¢ ll= = Jim D" |

this, in conjunction with (3.3), tells us that x, is an extremal H"®-extension of f.
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We can now prove a theorem which is similar to Theorem 3.2 of [3].

Theorem 3.1. Let E = {t;};2_, 8 < t;4y — ; < 1/8 for some 8§ > 0. Then there

exists an H™® -spline interpolating f on E if and only if

(3‘7) suP If(tb e ,tH»r)l < 0,
-00<i<o

where f(t;5 . . . , 1;4,) is the (r)th divided difference of f on the set {t,, ..., t;,}.

Proof. In the course of the proof of Theorem 3.1 of [3] Golomb defines the
functions G; € H"* which satisfy, for i > 0,

(i) Gi(4) =0, Jj=i+1, .., i+r—1,
() S X (I i=012...,
(3.8) (iii) G =0, 1< t,
(iv) DG®=01¢,.<t i=012...,
() ID"Gi(D)lle < € < o0, i=012...,
and fori < 0
@) G() =0, J=i=l...i-r+l,
(i) Gity,....t.,) =& ji=0-1,-2...,
(3.9) (i) G() =0, t>t,
(iv) D'G,(H) =0, i, >t
v) ID°G()l= < C< 00, i=-1-2,....

Letg € 97 1so that g(t;) = f(t,)fori =0, 1,..., r — 1, and suppose
(3.10) H =g+ |i|2<nf(t‘,'“’ 1+7)Gis n=12....
Due to (3.8) and (3.9) the H, have the properties

@) H_ (O=H®0, te, t,ln=12...,
(ll) IDan(t)l S C 2{:;:;‘—] lf(tb soe tH-r)l forr € [tja tj+|]'

If we denote by H the pointwise limit of the H, as n — oo, it is easy to see that
H € H"™ and H interpolates f. Thus f has an H"®-extension and hence Lemma
3.1 implies that f has an H"®-spline interpolating f on E.

Conversely suppose that SUpP_g<icoo|f(tis - -« 5 tis,)] = 0. For any function
X € H"® we have

(3.11)
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Xy oo osting) = (e = ) olists + o s tieg) = X(ti5 + < 05 i)}
= (ti4, = 1)7{D""x(n;)) = D' x(£)}/(m — 1)!
where t;, < ¢ < 44,1 and t;;; < n; £ 4, Thus we have

(G13) |x( ..ot < I = &7 D x(m;) = D' x(E)] < ||D |-

Therefore if x | = f the divided differences would be unbounded and, by (3.13),
x could not be in H"®. This completes the proof.
Another consequence of Lemma 3.1 is

Theorem 3.2. Let E C R and f map E into R. Then there is an H™® -spline
interpolating f on E if and only if there is an H"™ -extension of f.

(3.12)

Proof. If there is an H"®-spline interpolating f, then it is an H"*-extension of
f. On the other hand if there is an H"*-extension of f, then the extremal problem
breaks up into at most a countable number of uncoupled problems as in [3].
Applying Lemma 3.1 to each problem separately yields the theorem.

Finally, when considering the W"* case, we have

Theorem 33. If E = {t;};2_o, 8 < tiyy — t;, < 1/8 for some § > 0, then f: E
— R has a W"* -spline interpolant on E if and only if

(3.14) sup | f(#)| < oo.
—00<i<o
Proof. Obviously if f is unbounded on E then its interpolant would be
unbounded and hence not in W"®, If (3.14) holds then we must have

(3'15) suP lf(tta e ’ti-l»r)l < 00,
-00<i<oo

and hence Theorem 3.1 guarantees that f has an H"®-spline interpolating it on
E. We will now show that x, must be bounded. If x, were not bounded, there is
a sequence {1;};2, so that |x,(r;)| = oo as j — oo. Consider the divided differen-
ces

(3-16) {xt(',},tlj,...,tl‘.'.,_l)}, j = 0, l, eoey

where the index /, satisfies £, < 5, < #,. Since § < £,y — ; < 1/8, (3.16) must
be unbounded. Now (3.13) implies that x, is not in H"®. This contradiction
completes the proof.

4. Remarks. It would be interesting to know whether the limit in Theorem 2.1
is unique independent of the sequence { p,}. If the limit were unique, then it
would single out a specific solution to the extremal problem. This work together
with [3] and [7] constitutes a complete theory of the H"? - and W"?-splines on
quasi-uniform partitions.



284 P.W.SMITH

REFERENCES

1. J. Favard, Sur !’interpolation, J. Math. Pures Appl. (9) 19 (1940), 281-306. MR 3,114,

2. G. Glaeser, Prolongement extrémal de fonctions differentiables, Publ. Sect. Math. Fac. Sci. Rennes,
Rennes, France, 1967.

3. M. Golomb, H™? -extensions by H™P -splines, J. Approximation Theory § (1972), 238-275.

4. J.W. Jerome and L.L. Schumaker, Characterization of absolute continuity and essential bounded-
ness for higher order derivatives, Center for Numerical Analysis, 57, University of Texas, Austin, Texas,
August, 1972.

5. O.L. Mangasarian and L.L. Schumaker, Splines via optimal control, Approximations with Special
Emphasis on Spline Functions (Proc. Sympos. Univ. of Wisconsin, Madison, Wis., 1969), Academic
Press, New York, 1969, pp. 119-156. MR 41 #4073.

6. J. Merrien, Prolongateurs de fonctions differentiables dune variable réele,J. Math. Pures Appl. (9)
45 (1966), 291-309. MR 34 #7750.

7. P.W. Smith, W"P(R) -spline, Dissertation, Purdue University, West Lafayette, Indiana, June
1972

DEPARTMENT OF MATHEMATICS, TEXAS A&M UNIVERSITY, COLLEGE STATION, TEXAS 77843



